Abstract. We modify a classical construction of Bousfield and Kan [4] to define the Adams tower of a simplicial nonunital commutative algebra over a field k. We relate this construction to Radulescu-Banu's cosimplicial resolution [13] , and prove that all connected simplicial algebras are complete with respect to André-Quillen homology. This is a convergence result for the unstable Adams spectral sequence for commutative algebras over k.
Radulescu-Banu's completion functor X → Xˆis the analogue of Bousfield and Kan's R-completion functor on simplicial sets [4] , a construction that has proven extremely useful in classical homotopy theory. As in the classical case, the homotopy of the completion Xî s the target of an unstable Adams spectral sequence. The completeness theorem may be viewed as a convergence result for this spectral sequence, which we will study in detail in forthcoming work.
In fact, Bousfield and Kan have defined the unstable Adams spectral sequence of a simplicial set in two different ways. Their earlier approach [2] was to define the derivation of a functor with respect to a ring. This approach constructs the Adams tower over the simplicial set in question, and lends itself well to connectivity analyses. Their latter approach, [4] , to give a cosimplicial resolution of a simplicial set by simplicial R-modules, lends itself more to the analysis of the E 2 page, and is directly analogous to Radulescu-Banu's construction.
Since the release of [2] and [4] , the relationship between the two approaches has been clarified by the introduction of the theory of cubical diagrams to homotopy theory [8] . Our approach to proving the completeness theorem will be to define the Adams tower of a simplicial algebra using a construction analogous to Bousfield and Kan in [2] (Section 2), and to use the theory of cubical diagrams to relate it to Radulescu-Banu's construction (Section 3). In Section 4, we perform the necessary connectivity estimates in the Adams tower in order to prove the completeness theorem.
As Radulescu-Banu observed, there is an additional difficulty in constructing the BousfieldKan cosimplicial resolution of a simplicial algebra which is not present in the classical context. Namely, since not all simplicial algebras are cofibrant, the naive cosimplicial resolution will not be homotopically correct. Radulescu-Banu's innovation was to explain that the cofibrant replacement functor c : sC −→ sC constructed by Quillen's small object argument [12] admits a comonad diagonal ψ : c −→ cc, and can thus be mixed into the cosimplicial resolution, making it homotopically correct. Accordingly, we must mix Quillen's cofibrant replacement functor c into our definition of the Adams tower over a simplicial algebra so that it relates as desired to Radulescu-Banu's resolution. The application of these cofibrant replacement functors adds to the difficulty of proving the connectivity estimates of Section 4. We circumvent this difficulty by shifting to the standard comonadic bar construction.
In Section 1 we will introduce Radulescu-Banu's cosimplicial resolution and explain a little terminology. In the appendix we will state and prove a useful result on iterated simplicial bar constructions.
This research will form part of the author's PhD thesis. The author would like to thank his advisor, Haynes Miller, for his support and guidance, and John Harper, for sharing helpful insights into the use of cubical diagrams in connectivity analyses such as that of Section 4.
Radulescu-Banu's completion functor
A non-unital commutative k-algebra is a k-vector space Y equipped with an associative and commutative map µ : Y ⊗ Y −→ Y . We will refer to such objects simply as algebras. It can be shown that if Y ∈ C is a categorical group object, then it is in fact a zero-square algebra, that is Y 2 = im(µ) = 0, and the group map Y ×Y −→ Y is simply the vector space addition. Thus, the abelianization adjunction for C can be modeled as Q : sC sVect : K, in which the left adjoint is the abelianization or indecomposables functor
and the right adjoint is the zero-square functor
The André-Quillen homology of a simplicial algebra X is defined as the homotopy groups of its left derived abelianization:
where c : sC −→ sC is the cofibrant replacement from Quillen's SOA. For an excellent introduction to these ideas, see [6, §4] . Radulescu-Banu constructed [13] a comonad diagonal ψ : c −→ cc, in order to define the coface maps in a (coaugmented) cosimplicial object:
The construction is explained and generalized by Blumberg and Riehl [1] . The definition of the coface and codegeneracy maps is similar to that in the monadic resolution of X using the adjunction Q K, however, the coface maps must create an extra copy of c, and the codegeneracies must destroy a copy. Instead of simply using the unit and counit of the adjunction respectively, one uses the composites
Denote by Xˆthe totalization of X • , naming Xˆthe completion of X with respect to André-Quillen homology. There is a natural zig-zag X ∼ ←− cX −→ Xˆ, and one says that X is complete with respect to André-Quillen homology when the map cX −→ Xˆ is an equivalence. We will prove that this occurs whenever X is connected. In order to understand the name of the completion functor, note that levelwise application of André-Quillen homology to X • yields a cosimplicial vector space H * X • which is weakly equivalent to its coaugmentation H * X (cf. [1] ).
The Adams tower
For any functor F : sC −→ sC, we define the r th derivation D r F of F with respect to André-Quillen homology. The definition is recursive:
where η is the unit of the adjunction Q K, i.e. the natural surjection onto indecomposables, and hofib is any fixed functorial construction of the homotopy fiber. These functors fit into a tower via the following composite natural transformation:
We have thus constructed a tower
which is natural in the object X and the functor F . The functors D r F are homotopical as long as F preserves weak equivalences between cofibrant objects. Employing the shorthand
we define the Adams tower of X to be the tower
For example, (D 2 F )(X) is constructed by the following diagram in which every composable pair of parallel arrows is defined to be a homotopy fiber sequence.
is the homotopy total fiber of an (n + 1)-cubical diagram:
See [8] , [11] or [10] for the general theory of cubical diagrams. Before defining the cubical diagram (D n+1 F )X, we set notation: for n ≥ 0 let [n] = {0, . . . , n}, and define P[n] = {S ⊆ [n]} to be the poset category whose morphisms are the inclusions S ⊆ S . Then an (n + 1)-cube in sC is a functor P[n] −→ sC, and the (n + 1)-cubical diagram (D n+1 F )X : P[n] −→ sC is the functor:
is given by applying the counit η : 1 −→ KQ in those locations indexed by S \ S.
Relationship between the Adams tower and Radulescu-Banu's resolution
Radulescu-Banu defines the completion of X to be the totalization
and the unstable Adams spectral sequence to be the spectral sequence of the tower
under cX. Our goal in this section is to prove Proposition 3.1. There is a natural zig-zag of weak equivalences of towers between D n+1 X and hofib(cX −→ Tot n (X • )). That is, up to homotopy, the Tot tower induces the Adams tower by taking fibers.
Before giving the proof, we recall a useful relationship between cosimplicial objects and cubical diagrams, explained by Sinha in [14, Theorem 6.5], and expanded on by MunsonVolić [10] . We will only present that part of the theory that we need. There is a diagram of inclusions of categories
As the coaugmented cosimplicial object X • is Reedy fibrant (cf. [3, p. X.4.9]), there are natural weak equivalences hofib(
is identified with the map
As X −1 equals cX, the tower hofib(X −1 −→ Tot n X • ) is one of the towers in proposition 3.1.
Proof of Proposition 3.1. It will suffice to construct a weak equivalence
where we describe the map (h * n X • )(S) −→ (h * n X • )(S {i}), for i / ∈ S, as follows. Let j be the smallest element of S {n + 1} exceeding i, so that
In the expression for either case, we have distinguished one of the applications of c with an underline, and the map to (h * n X • )(S {i}) is induced by the composite c −→ cc −→ cKQc of the diagonal of the comonad c with the unit of the monad KQ.
We now define maps (h * n X • )(S) −→ ((D n+1 I)X)(S) for S = {j 0 < j 1 < · · · < j r } ⊂ {0, . . . , n}. The only difference between the domain and codomain is that in ((D n+1 I)X)(S), all n + 2 applications of c are present, whereas in (h * n X • )(S), only r + 2 appear. The map is then ψ n−jr KQψ jr−j r−1 −1 KQψ
which is to say that we apply the iterated diagonal the appropriate number of times in each c appearing in the domain. As ψ is coassociative, this definition is unambiguous, and the resulting maps assemble to a weak equivalence of (n + 1)-cubes.
Connectivity estimates in the Adams tower
We wish to prove the following connectivity result for the Adams tower:
We defer the proof until the end of this section. Note that proposition 3.1 and 4.1 together imply the completeness theorem:
Proof of completeness theorem. The fiber sequences D n+1 X −→ cX −→ Tot n X • fit together into a tower of fiber sequences. Taking homotopy limits, one obtains a fiber sequence
We need to show that holim(D n X) has zero homotopy groups. We may replace the tower D n X with a weakly equivalent tower of fibrations in sC whose set-theoretic inverse limit is the homotopy limit in question. Applying [7, Proposition 6 .14] to the new tower, there is a short exact sequence
Proposition 4.1 implies that for each q, the tower {π q (D n X)} has zero inverse limit, and satisfies the Mittag-Leffler condition (cf. [3, p.264]), so that the lim 1 groups appearing also vanish.
With an eye to proving proposition 4.1 we define a somewhat less homotopical version D s F of the derivations D s F of F . Again, the definition is recursive:
There are three differences between this definition and that of D s F : here, there is one fewer cofibrant replacement applied, we use the standard simplicial bar construction b (see Appendix A) instead of the SOA functor c, and we take strict fibers, not homotopy fibers. While these functors are not generally homotopical, we define the modified Adams tower of X to be the tower
where D s X is again shorthand for (D s I)X, and the tower maps δ are defined as before.
Proposition 4.2.
There's a natural zig-zag of weak equivalences of towers between the Adams tower of X and the modified Adams tower of X. In particular, the modified tower is homotopical.
Proof. Let CR(sC) be the category of cofibrant replacement functors in sC. That is, an object of CR(sC) is a pair, (f, ), such that f : sC −→ sC is a functor whose image consists only of cofibrant objects, and : f ⇒ I is a natural acyclic fibration. Morphisms in CR(sC) are natural transformations which commute with the augmentations. For any (f, ) ∈ CR(sC) we obtain an alternative definition of the derivations of a functor F : sC −→ sC:
These functors are natural in f , so that a morphism in CR(sC) induces a weak equivalence of towers. Our proposed zig-zag of towers is: 
Lemma 4.3 shows that the kernels taken are actually kernels of surjective maps, and by induction on s, the maps γ s and D s are weak equivalences.
The connectivity result will rely on the observation that any element in the s th level of the modified tower maps down to an (s + 1)-fold product in X. In order to formalise this, let P s : sC −→ sC be the "s th power" functor, 
Proof. Suppose that X is a simplicial algebra. Then D r X is constructed as the subalgebra
In dimension n, this is the following subset of (b r X) n := (T n+1 ) r X n :
As in the appendix, T is the free tensor algebra comonad on C. The r conditions on elements of (D r X) n ensure that their image in (D 0 X) n = X n under the iterated tower map is a sum of (r + 1)-fold products. This completes the construction of the tower of functors. In order to prove the surjectivity statements, we must describe the iterated free construction T r(n+1) X n . A basis of T X n may be given by the monomials in a basis of X n , and T r(n+1) X n has basis given by taking monomials iteratively, r(n + 1) times. The subset (D r X) n has basis those iterated monomials in which the monomials formed in the ((n + 1)i) th iteration have degree at least two for each 1 ≤ i ≤ r. This simple description of a basis of (D r X) n shows that D r preserves surjections. Similar analysis applies to D r b and D r P s .
We are now able to state and prove the key connectivity result:
Proof. We will prove this by induction on t. When t = 1:
so we must show that P s (bA) is (s − 1)-connected. For this we use a truncation of Quillen's fundamental spectral sequence, as presented in [6, Thm 6.2]: the filtration 
in which the rightmost two objects are each (s − t + 1)-connected. The associated long exact sequence shows that (
Before we can give the proof of proposition 4.1, we need the following twisting lemma, analogous to that of [2] . Before stating it, we note that (D s D t )X and D s+t X are equal by construction.
Twisting Lemma 4.5. The maps D i δ : D n X −→ D n−1 X are homotopic for 0 ≤ i < n.
Proof. We may reindex the twisting lemma as follows: the maps
are homotopic whenever s, t ≥ 1. Now D s+t X is constructed as the subalgebra 
By the twisting lemma, 4.5, the composite along the top row is homotopic to the map of interest, and factors through (D t P t+q )(A), which is q-connected by lemma 4.4.
Appendix A. Iterated simplicial bar constructions
In this section we will be concerned with iterated simplicial bar constructions. The result here applies in general in the category of algebras over a monad, but nonetheless we only state it for commutative algebras. Establishing notation, for any simplicial object X in C, we'll write d 
Write T : C −→ C for the comonad of the adjunction free : C Vect : forget. Then there is an (augmented) simplicial endofunctor, b ∈ sC C , derived from the unit and counit of the adjunction:
The simplicial bar construction is the cofibrant replacement functor (b, ) on sC which is the diagonal of the bisimplicial object obtained by application of b levelwise. That is, for X ∈ sC, bX is the simplicial object with (bX) q := T q+1 X q , and with
We can now construct the simplicial homotopy needed for the twisting lemma, 4.5. Proof. Write K = b 2 X and L = bX for the source and target of these maps respectively. Noting the formulae
we can describe the simplicial structure maps in K and L as follows:
We can now state an explicit simplicial homotopy between the two maps of interest. Using precisely the notation of [9, §5] , we define h jq : K q −→ L q+1 , for 0 ≤ j ≤ q, by the formula
jq . We first check that these maps satisfy the defining identities for the notion of simplicial homotopy, numbered (1)- (5) as in [9, §5] . Each identity can be checked in two parts (a)-(b):
(1) We must check that d L i,q+1 h j,q = h j−1,q−1 d K i,q whenever 0 ≤ i < j ≤ q, i.e.: Each of these equations follows from the simplicial identities, proving that the h jq form a homotopy. Finally, we check that this homotopy is indeed a homotopy between the two maps of interest: 
